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Abstract. The boundary-layer flow on an impulsively started translating and spinning rotational symmetric body is 
considered. The stream function and the swirl component of the velocity are expanded in series in powers of time. 
Leading and first order solutions are obtained analytically and the second order solutions are determined 
numerically. The results are applied to a translating and spinning sphere and the rotation is found to reduce the 
friction drag and facilitate flow separation. 

1. Introduction 

Three-dimensional boundary-layer flows have a variety of applications in engineering such as 
swept wing, corner fairings and spinning projectiles. The absence of known three-dimension- 
al potential-flow solutions prevents the three-dimensional boundary-layer analysis in most 
cases. Three-dimensional boundary-layer separation also shows significant differences from 
that of the two-dimensional case. 

A rotational symmetric body presents a preliminary case for general three-dimensional 
boundary layers. An axisymmetric boundary-layer flow over a rotational symmetric body set 
into axial motion impulsively was first investigated by Boltze [1]. Boltze expanded the stream 
function in series in powers of time and obtained numerical solutions for the terms in powers 
up to and including/3. Dennis and Walker [2] improved the accuracy of the Boltze solution for 
the boundary-layer flow over an impulsively started sphere and obtained numerical solutions 
up to and including terms of o(tT). Dennis and Walker [3] also carried out numerical 
solutions of the unsteady flow past an impulsively started sphere for both finite Reynolds 
numbers and the boundary-layer case, and extended the results to larger values of time. 

The flow is further complicated in the case of moving walls. The number of solutions to 
three-dimensional boundary-layer flows including the swirl component of velocity are very 
few. Flow about a spinning body of revolution was investigated by lllingworth [4], Chu and 
Tifford [5], Schlichting [6] and Hoskin [7]. These are all momentum-integral approximations 
and of uncertain accuracy. The boundary-layer flow on a rotating sphere in a fluid at rest 
shows different characteristics near the poles and near the equator as discussed by Howarth 
[8], Sawatzki [9] and Dumarque et al. [10]. Measurements of Luthander and Rydberg [11] 
and the study of Hoskin [7] show that there is a marked influence of rotation on drag and 
separation on a spinning sphere in an axial stream. 

The unsteady boundary-layer flow past an impulsively started translating and spinning 
rotational symmetric body of general shape is considered in the present paper. Initial stages 
of the phenomenon is investigated by expanding the stream function and the swirl velocity in 
series in powers of time. The effects of the body shape and the rotation rate are identified. 
Solutions up to and including terms of O(t) are obtained analytically. The terms of O(t 2) are 
determined numerically. The results are applied to a translating and spinning sphere. 
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2 .  B a s i c  e q u a t i o n s  

Curvilinear coordinates (x*, y*, O) are used in the formulation of the problem. Geometry 
and the coordinate system are illustrated in Fig. 1. Here x* is the dimensional coordinate 
measured parallel to the surface from the nose of the body, y* is dimensional normal 
coordinate to the surface and ® is the circumferential angle. The dimensional local surface 
radius measured from the symmetry axis is denoted by r*(x*). The body is assumed to be set 
into motion impulsively with a constant axial velocity U 0 and angular velocity ~.  Let u*, v* 
and w* be the dimensional velocity components in the x*, y* and ® directions respectively 
and t* be the dimensional time measured from the impulsive start. 

Dimensionless variables used in the analysis are defined as 

x* y* r* Uot* = - -  = - E  = -  - ( )  x L ' Y , r L '  t L ' 2.1 

u* v* w* l ) g  
o~ - ( 2 . 2 )  

u -  uo v u,, w Uo go 

where L is the characteristic length of the motion. 
The boundary-layer equations given by Mangler [12] are the continuity 

O(ru) O(rv) 
- -  + - 0 ,  ( 2 . 3 )  

Ox Oy 

x momentum 

Ou Ou w 2 dr dUe 1 02U 
Ou + u + v - - U, + (2.4) 
at  ~ ~ r ~ ~ fie oy 2 '  

and O momentum 

Ow aw aw uw dr 1 02w 
- -  + u + v - -  + - ( 2 . 5 )  
Ot ~ Oy r dx Re Oy 2 '  

where U e is the axial boundary layer edge velocity and Re = UoL/u is the Reynolds number, 
1, being the kinematic viscosity of the fluid. Boundary conditions to be satisfied are 

U 0 

,/ 
fl 

% 

Fig. 1. Geometry and the coordinate system. 
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u(x, O, t) = O, v(x, O, t) = 0 ,  w(x, O, t) = mr ,  (2.6) 

!im u(x, y,  t) = 0 ,  lira w(x, y,  t) = 0 .  ( 2 . 7 )  

A stream function is defined according to 

0~, oo 
ru = Oy ' rv Ox (2.8) 

Boundary layer variables used by Ece et al. [13] are adapted and given by 

y = K n ,  g, = K ~ ,  K : 2 t/x/77-R~. (2.9) 

This transformation magnifies the thin boundary layer and removes the initial singularity 
associated with the impulsive start of the motion. The functions F(x, n, t) and G(x, n, t) are 
defined as follows: 

= rUeF,  w = wrG . (2.10) 

It may be shown that 

[(! dr OF] 
u = Ue On ' v = - K -~x U e + -~x / F + Ue ~ x • (2.11) 

The continuity is satisfied and the momentum equations are written as 

O3F + 2n o2F [ o2F 2 rr' G2 OF ( OF 
On 3 On- ~ = 4 t ~ n  ~o ~ -V;+~n U;~n 

02F [ ( ~  Ue+ U'e) F + Ue ~ff~i } 
On 2 

On ~ ~n  t l  Ot + Ue -~n 2 - - G + r  ~x  - ~n U,, 

OZF 
+ U e o-U~n / 

(2.12) 

(2.13) 

The boundary conditions reduce to 

F(x, O, t) = O, 

OF 
n~lim ~nn = 1 ,  

OF n=0 ~n : O, G(x, 0, t) : 1, (2.14) 

!im G(x, n, t) : 0 .  (2.15) 

3.  T i m e  ser ies  so lu t ion  

The initial stages of the motion may be investigated by expanding the functions F(x, n, t) 
and G(x, n, t) in powers of time as 

F(x, n, t) : F,,(n) + tFi(x, n) + tZF~(x, n) + . . . ,  (3.1) 
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G(x,  n, t) = Go(n ) + tGl(x  , n) + t2G2(x, n) + . . . .  (3.2) 

Substitution of Eqs (3.1) and (3.2) into Eqs (2.12) and (2.13) yields the leading order 
equations as 

(3.3) 

(3.4) 

Go(0 ) = 1, (3.5) 

lim Go(n ) = 0.  (3.6) 

Solutions of Eqs (3.3) and (3.4) satisfying the boundary conditions (3.5) and (3.6) are 

t i t  F o + 2nF o = O, 

I t  G O + 2nG o = O, 

with the boundary conditions 

F0(0 ) = 0 ,  F0(0 ) = 0 ,  

lira F;(n)  = 1, 
n ----~ vc 

1 
F0(n ) = n eft(n) + ~ (e -"2 - 1),  

Go(n ) = 1 - erf(n) . 

( 3 . 7 )  

(3.8) 

The O(t)  terms define the first order equations and the form of the momentum equations 
suggests that the functions Fl(X, n) and Gl(X, n) must be of the form 

FI(x, n) = U ' F u ( n  ) + -- UeF12(n ) + (.02 rr' 
r ~ee F13(n)' 

G I ( x  , l"l) = U ;  G l l ( n )  + - -  UeG12(r l )  , 
F 

(3.9) 

The functions Fu(n ) (i = 1, 2, 3) and Gu(n ) ( j  = 1, 2) satisfy the following ordinary differen- 
tial equations 

t t t  rt r ; Fll + 2nF u - 4F u = 4(F 2 - FoF o - 1),  

t t  ¢ 

El' 2 + 2nF12 - 4F12 = -4F0go  , 

f ' [ '  3 + 2 n F ' ; 3 - 4 F ; 3  =-4G20 ,  

" ' - = - 4 F O G ;  Gll  + 2nGl l  4Gll  

G'~2 + 2nG'12 - 4G~2 = 4(2F;G 0 - FOG;) , 

and are subject to the boundary conditions 

, F'~i(0 ) = 0  lim ' = 0 ;  = , Fli(n) Fli(0 ) 0 
n---~ c¢ 

G1j(O ) = 0 ,  1Lrn ~ G , j ( n ) = O ;  j = 1 , 2 .  

i = 1 , 2 , 3 ,  

( 3 . 1 1 )  

( 3 . 1 2 )  

( 3 . 1 3 )  

(3.14) 

( 3 . 1 5 )  

(3 .16)  

(3.17) 

(3.10) 



Initial boundary-layer flow 419 

Solutions of these equations are 

8 ) 2 11 n2 
F~(n) = - ~ + 3 p(n) - q(n) + -j r(n) + n - ~ e eft(n) 

1 2 8 
- ~ n erf2(n) - ~ erf(n) + ~ erf(x/2n) , 

16 ) 2 7 _,,2 
F12(n ) =  ~ - 1  p ( n ) + q ( n ) - ~ r ( n ) - ~ e  eft(n) 

1 2 4 
2 n erf2(n) - ~ eft(n) + ~ erf(x/2n) , 

( _  ) 4 - 2 [  ne r f (n )+  1 -"2 1 F13(n)= 8 _ 6  p ( n ) + 2 q ( n ) - s r ( n ) + n  ~ ( e  - 1 )  
,n- 

(3.18) 

(3.19) 

_n  2 4 
+ ~ e erf(n) erf(V~n) (3.20) 

3 X / ~  

16 \ f n 1 _n2 Gl,(n )= 1 - ~ )  ( ) - g ( n ) + ~ n e  eft(n) 

1 ) 4 .2 + ~ + n  2 e r f 2 ( n ) + ~ e  , 

32 ) 7 -n2 
G12(n) = ~ - 3 f(n) + 3g(n) - ~ n e eft(n) - 2 eft(n) 

(3.21) 

) 4 4 
+ - 3n 2 erfZ(n) - - e + e (3.22) 

~r ~ ' 

where 

1 3 l In3 eft(n)+ 1 _n2 1 ] 1 p ( n ) = - ~ n  - -~  ~ ( n  2 + 1 ) e  ~ + ~ n ( 1 - e r f ( n ) ) ,  (3.23) 

l n 3  1 [  1 _.2 1 ] 1 q ( n ) = ~  + g  n 3 e f t ( n ) + ~ ( n  2 + l ) e  - ~  + ~ n ( l + e f t ( n ) ) ,  (3.24) 

1 1 n2 1 _ 2 n  2 (3.25) r(n) = ~ n 3 erfZ(n) + ~ e ,2 erf(n) + ~ n e , 

1 (  1 n2) 1 
f(n) = -~ n n - n eft(n) - ~ e + ~ (1 - erf(n)), (3.26) 

1 ( 1 _n2) 1 
g(n) = ~ n n + n erf(n) + ~ e + ~ (1 + eft(n)). (3.27) 

Balancing the O(t 2) terms in Eqs (2.12) and (2.13) determines the second order 
equations. The form of these equations suggests that the functions F2(x, n) and G2(x, n) 
must be of the form 

r' ( r U e ]  2 r" 
G(x,  n) = U;2F~,(n) + UeU'~V=(n) + G U ;  7 F~dn) + r , F~(n) + --r U~er2~(n) 

[ rr'U; 1 + o,2 r'2F~6(n) + rr%~(n) + ~ F~dn) , ( 3 . 2 8 )  
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r' ( r U e )  2 r" 
¢2 . . . .  G23(n) + G24(n) + _ U~G25(n) Gz(x ,  n) = U e Gzt(n  ) + UeUeG22(n) + UeU e r \ r / r 

+ o)2[r'2G26(n ) + rr"G27(n)] .  (3.29) 

The  funct ions Fzi(n ) (i = 1 - 8) and Gzj(n) ( j  = 1 - 7) satisfy the following ordinary  differen- 

tial equat ions  

t t t t t  t t  

F2] + 2nr21 - 8F21 = 4 (2 / o / 11  - F o r  t, - F o r n )  , 

I v t It  

F~'2 + 2ng~2 - 8F22 = 4 ( r o F l t  - For1 1 ) ,  

t t t t t  t !  t t  t t  

__ __ FoF12 ) F'~' 3 + 2nF~3 - 8F23 = 4(3FoF~2 - FoF u - 2FoF~2 FoF~t , 

t i t  ! _ _  ! ! tt  

F24 + 2nF24 - 8F24 - 4( -FoF12  - FoFt2 ) ,  

t t I t  

= - FoFt2 ) , F2' 5 + 2nF~5 - 8F~5 4(FoF12 

t? I t !  v ! t !  

X2' 6 + 2nF26 - 8F26 = 4 ( - 2 G o G t 2  - 2FoF,3 + Fort3 - FoF~3),  

l ! t t t  

r2 '  7 + 2nr'~7 - 8F27 = 4(FoF~3 - r o F , 3 ) ,  

! t I f l  

F'~' 8 + 2nr'~8 - 8F28 = 4 ( - 2 G o G l l  + Fort3 - FoFt3 ) ,  

Gzt  + 2nG'2, - 8G21 = 4( -GoFI~  - FoG'~I), 

G22 + 2nG'z2 - 8G22 = 4(FoGtt  - G o r , , ) ,  

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

t t t t ! ! 

G~3 + 2nG23 - 8 G 2 3  = 4(2FoGtl  + FoG~2 + 2GoFt t  - GoFl~ -2GoF12  - FOG11 - FoG1z) ,  
(3.40) 

024 + 2nG'24 - 8G24 = 4(FOG12 + 2GoF~2 - FOG'12), 

It t ¢ 

G25 + 2nG25 - 8G25 = 4(F/IG12 - GoF12 ) , 

G26 + 2nG'26 - 8G26 = 4(2GoFI3 - 2GoF ,3 ) ,  

G'~7 + 2nG'27 - 8G27 = -4G[~F13 , 

and are subject  to the boundary  condit ions 

t ¢ 

F2i(0 ) = 0 ,  F z i ( 0 ) = 0 ,  lim rz i (n  ) = 0 ;  i = 1 - 8 ,  
n ~ c  

G2/(0 ) = 0 ,  lim Gz/(n ) = 0 ; i = 1 - 7 .  

(3.41) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

The  complexi ty  of  the right hand sides of  the governing equat ions  increases very rapidly. 
Equa t ions  (3 .30) - (3 .44)  were  solved numerical ly using the Thomas  algorithm. The  numeri-  
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cal mesh size was taken to be h = 0.01 to ensure a good accuracy. The boundary conditions 
at infinity were approximately satisfied at n = 6 and later verified by examining the solution. 

4. Results  

The time series solution determines the initial stages of the boundary-layer flow past an 
impulsively started translating and spinning rotational symmetric body of general shape. The 
stream function and the swirl velocity series are in terms of the local body radius r(x) and the 
axial boundary layer edge velocity UF(X ). An application of the present results requires the 
shape of the body and the potential flow solutions to be known. 

The friction drag on the body may be written as 

f 
l* 

Df = 2rr r* ) rwx cos c~ dx* (4.1) 

where l* is the length of the body measured along the surface and a is the angle local axial 
tangent line makes with the symmetry axis. The moment applied to the body to maintain the 
rotation is 

fO l* , 2  M = -27r r %0 dx* . (4.2) 

The wall shear 

O u_2* 
%x = Ix Oy* 

stresses are defined by 

y*=0  OW* 
, % 0  = tx Oy*  y*=0 ' 

(4.3) 

where IX is the 
layer variables reduce the friction drag and the molnent to 

U°L f ]  02F 
Df = 27fix T rUe - -  cos a dx OFl 2 n =0 

Uo L2 ~ 3 OG 
M = - 2 1 r i x w ~ j 0  r On , = o d x '  

viscosity of the fluid. Substitution of Eqs (4.3) and the use of the boundary 

(4.4) 

(4.5) 

where l = l* /L .  Determination of the friction drag and the moment requires the local body 
radius and the boundary layer edge velocity to be known. Here the results are applied to an 
impulsively started translating and spinning sphere of radius R for which 

3 
L = R ,  l = "n" , r = sin x ,  U e = ~ sin x ,  cos a = sin x .  (4.6) 

Friction drag and moment coefficients for a sphere are defined as 

D, a4 
- -  C M =  2 3 , CI 2fro U~2~R 2 ' 2rrp UoR 

(4.7) 

where p is the fluid density. Substitution of Eqs (4.4), (4.5), (3.1), (3.2) and (4.6) into Eqs 
(4.7) yields 
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v- q 

C M - 

1{ . . . . . . . . . .  

= ~ F0(0 ) + t F21(0 ) -  4F22(0 ) + F23(0 ) + F24(0 ) -4FzS(0  ) 

4 2  . . . . . .  ))] } 
+ ~ o) (F26(0)- 4F27(0 ) + F28(0 + " "  , (4.8) 

1 2 G~(0) + t 2 G'21(0 ) -  4G22(0 ) + G23(0 ) + Gz4(0 ) -  4G25(0 ) V7 

4 + + . . . }   49) 

The slopes of the leading order tangential and swirl velocity functions on the surface are 
F0(0 ) =2/X/It  and G0(0 ) =-2/V'Tr. The slopes of the tangential velocity functions FI'j(0 ) 
(i = 1, 2; j = 1 - 8) and the swirl velocity functions Gik(0 ) (i = 1, 2; k = 1 - 7) are given in 
Tables 1 and 2 respectively. Setting ¢o = 0 in Eq. (4.8) gives the friction drag coefficient for a 
translating sphere and matches the series given by Dennis and Walker [2] exactly. Temporal 
variations of the friction drag and moment coefficients for a translating and spinning sphere 
are shown in Figs 2 and 3 respectively. It may be observed that the rotation reduces the 
friction drag and the moment naturally increases with the spin rate. Singular behaviour near 
t = 0 is due to the impulsive start of the motion. 

Separation starts first when ~'w~ vanishes at the rear stagnation point of the sphere where 
x = ~r. The use of the boundary layer variables in Eq. (4.3) gives this condition as 

OaF = 0 
01-/2 n=0 

and upon substitution of Eqs (3.1) and (4.6), separation time t, may be solved from 

3 . . . .  4 z , ,  9 ~{ ,, 
F;(0) - ~ / , [Fu(0)  + F12(0) + ~ ~o G3(0)] + ~ t F21(0) 

,, 4 (.0 2 . . } 
+ F24(0 ) + ~ [F26(0 ) + F28(0)] = O. 

¢! 

+ F23(0 ) 

(4.10) 

" 0 Table  1. Slopes of the tangential velocity functions, F~j( ) 

1 

2 

1 2 3 4 5 6 7 8 

1.607278 0.170581 0.820061 

-0.248106 -0.067423 -0.032463 0.035587 -0.022623 -0.249122 -0.008566 -0.116089 

Table  2. Slopes of the swirl velocity functions, G~j(0) 

t ' ~  1 2 3 4 5 6 7 

1 -0.170581 -0.787217 

2 -0.080817 -0.045232 -0.292481 0 .064595 0 . 0 9 9 2 4 3  -0.188473 -0,027467 
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8' 

6" 

b) Z g) 7 
[~ c) 3 h) 8 

d) 4 i) 9 
e) 5 j )  10 

4- 

2 

0 ]  ~ i ~ ~ J  

0 0.1 0.2 0.3 0.4 
t 

Fig. 2. Temporal variation of the friction drag coefficient for a translating and spinning sphere. 

S e p a r a t i o n  t imes  for  var ious  values  of  w are  given in Tab le  3. The  resul ts  show tha t  

inc reas ing  the  spin ra te  causes  a sooner  onse t  of  separa t ion .  

T h e  loca t ion  of  s epa ra t i on  at any ins tant  of  t ime may  be d e t e r m i n e d  f rom 

02F n = 0 .  
an  ~ =o 

S imi la r ly ,  with the  subs t i tu t ion  of  Eqs  (3.1)  and  (4 .6) ,  the loca t ion  of  s epa ra t i on  for  a 

t r ans l a t ing  and sp inning  sphere  may  be d e t e r m i n e d  f rom 

Table 3. Variation of the separation time with the rotation rate 

w 0 1 2 3 4 5 6 7 8 9 10 

t, 0 .3915  0.3216 0.2136 0.1390 0.0939 0.0665 0.0490 0.0374 0.0294 0.0237 0.0194 
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60 

50" 

40" 

CO 
a) ] f )  s 
b) 2 g) 7 
c) 3 h) 8 
d) 4 i) 9 
e) S .i) ]0 

30' 

20" 

10" 

01 , , , I 

0 0.1 0.2 0.3 0.4 
t 

Fig. 3. Temporal variation of the moment coefficient for a translating and spinning sphere. 

3 I . . . .  4 2 , , , ] 9 {  . . . .  Fo(0 ) + ~ t c o s x  F~,(0) + F,2(0 ) + ~ co F13(0 -f- ~ 12 COS2X[F2I(0) + F23(0 ) -4- F24(0)1 

• 2 . "Jr- " 4 it • 2 tt } - s m  x[F22(0 ) F2s(0)] + ~ to2[cos2x(r26(0) -b Fzs(0)) - s m  xV27(0)] = 0.  (4.11) 

Equation (4.11) is solved for x for given values of time and rotation rate. Angle of 
separation ~b, measured counterclockwise from the rear stagnation point, is then obtained as 
th = x - rr. Temporal variation of the angle of separation is shown in Fig. 4. The point of 
separation advances upstream initially very fast with a rate increasing with the spin rate. 
However, the advancement rate is drastically reduced with time and the separation angle 
increases toward its steady state value slowly. For a given time, the angle of separation is 
larger for a higher spin rate. This is in agreement with the results of Hoskin [7]. 

Development of the flow field is illustrated in Fig. 5 for to = 2. Figure 5a shows the 
streamlines at t = 0.2, shortly before separation, for this case. The next stage for which 
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Fig. 4. Temporal variation of the separation angle for a translating and spinning sphere. 

t = 0.3 is shown in Fig. 5b where the flow has a narrow zone of separation near the surface. 
Figure 5c shows the streamlines at t = 0.4. Separated region has grown further at this stage. 

Development  of the flow field for ~o = 6 is illustrated in Fig. 6. In this case, the rate of 
rotation is high enough to cause an early separation. The streamlines at t = 0.1 are shown in 
Fig. 6a. At  this stage, separation is confined to a relatively narrow region. The next stage for 
which t = 0.25 is shown in Fig. 6b where the separated region has grown considerably. The 
separated region continues to grow intensively and the flow field at t = 0.4 is shown in Fig. 

6c. 
The time series solution obtained in the present paper for an impulsively started 

translating and spinning rotational symmetric body of general shape is limited to the early 
stages of the boundary layer flow. The time series were truncated after the terms of O(t 2) 
and the neglected terms are of O(t 3) and O(t3oj2). The general results applied to an 

impulsively started translating and spinning sphere were pushed up to t = 0.4. The functions 
in the streamwise and circumferential velocity series gradually decrease in magnitude as the 
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) 1  \ 
~:o.oo5 

~-0.005] 

Fig. 5. Temporal development of the flow field for w = 2 at (a) t = 0.2, (b) t = 0.3 (enclosed streamline is -0.0002) 
and (c) t = 0.4 (enclosed streamlines from the center are -0.004 and -0.002). 

o r d e r  of  the  funct ions  increases .  The  funct ions  r e l a t ed  t o  t 2 and t2r-o 2 a r e  O(10  -~) and  

O(10  -2)  at  most .  Thus  the  so lu t ions  at t = 0.4 for  w ~< 10 are  at wors t  one  digi t  accura te  and  

the  accuracy  i m p r o v e s  to two digits for  small  w. Fo r  e x a m p l e ,  in the  case of  a t r ans la t ing  

s p h e r e  for  which co = 0, the  s epa ra t i on  t ime was o b t a i n e d  with two digit  accuracy  as 

t s = 0.3915. A c c u r a c y  of  the  so lu t ions  na tura l ly  increases  as t decreases .  The  so lu t ions  are  

t h r e e  digi t  accura te  for  t~<0.2 and  two digit  accura te  for  t~<0.4 p r o v i d e d  w = O(1) .  

N u m e r i c a l  i n t eg ra t ion  of  the  b o u n d a r y  layer  equa t ions  is necessary  to ex tend  the  so lu t ions  to 

l a rge r  va lues  of  t ime.  A par t i cu la r  body  shape  may  requ i re  a d i f fe ren t  numer ica l  analysis  and  

t r e a t m e n t .  
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W=0.5 
W'=O. 15 

I v : ° . ° ~  J /  \ \._'~--__._ - [',.v':o. oos 

b 

k U = O . $ ~  
~ : o . ~ - - / j / / /  \ \~_,  j \ \  ~ - 

~ :o . ,~- - - - - - j / /  \ \ ~  ) \\ 
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Fig. 6. Temporal development of the flow field for to = 6 at (a) t = 0.1 (enclosed streamline is -0.002), (b) t = 0.25 
(enclosed streamlines from the center are -0.1,  -0.08, -0.05 and -0.02) and (c) t = 0.4 (enclosed streamlines from 
the center are -0.33, -0.28, 0.2 and -0.1).  
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